Abstract. Let I be an ideal in a Gorenstein local ring A with the maximal ideal m and d = dim A. Then we say that I is a good ideal in A, if I contains a reduction Q = (a 1 , a 2 , · · · , a d ) generated by d elements in A and G(I) = ⊕ n≥0 I n /I n+1 of I is a Gorenstein ring with a(G(I)) = 1 − d, where a(G(I)) denotes the a-invariant of G(I). Let S = A[Q/a 1 ] and P = mS. In this paper, we show that the following conditions are equivalent.
Introduction
Let A be a Gorenstein local ring with the maximal ideal m and d = dim A. Let I denote an m-primary ideal in A. Then we say that I is a good ideal in A if I contains a parameter ideal (c 1 , c 2 , · · · , c d ) in A as a reduction and the associated graded ring G(I) = ⊕ n≥0 I n /I n+1 of I is a Gorenstein ring with a(G(I)) = 1 − d ( [3] ), where a(G(I)) denotes the a-invariant of G(I) ( [4] , Definition (3.1.4)). We denote by X A the set of good ideals I in A. The concept of good ideals was first introduced by S. Goto, S. Iai, and K. Watanabe and they intensively studied m-primary good ideals in a given Gorenstein local ring and gave many inspiring results ( [3] ).
Let Q = (a 1 , a 2 , · · · , a d ) be a fixed parameter ideal in A. Let S = A[Q/a 1 ] and P = mS. We denote by X A (Q) the set of good ideals I in X A such that I contains Q as a reduction. With this notation the main result of this paper is stated as follows. 
In what follows, let (A, m) be a Gorenstein local ring and d = dimA. Let K = Q(A) be the total quotient ring of A. We denote by µ A ( * ) the number of generators and A ( * ) the length.
Let B = ⊕ n∈Z B n be a Noetherian graded ring and assume that B contains a unique graded maximal ideal M. We denote by H M of degree n. Let E be a graded B-module. For each n ∈ Z let E(n) stand for the graded B-module, whose underlying B-module coincides with that of E and whose graduation is given by [E(n)] i = E n+i for all i ∈ Z. We refer the reader to [5] , [1] , or [6] for any unexplained notation or terminology.
Preliminaries
Let (A, m) be a d-dimensional Gorenstein local ring with d ≥ 2 and K = Q(A) be the total quotient ring of A.
n /a n 1 ) and P = mS. Then A ⊆ S ⊆ K and we have the isomorphism
where
whence S P is a 1-dimensional Gorenstein local ring. For the proof of our result we need the following lemmas.
Proof. Notice that QS = a 1 S and
with β ∈ I and g ∈ Q for some ≥ 0. Since α ∈ A, we get αa
). Now we write αa 1 
, and
The other inclusion is obvious and hence IS ∩ A = I. (4) We have the following isomorphisms
Similarly, we have S P (S P /QS P ) = A (A/Q). This completes the proof of Lemma (2.1).
Lemma 2.2. ([3], Proposition (2.2)) Let I be an m-primary ideal in
A and assume that I contains Q as a reduction. Then the following conditions are equivalent.
( . Since x ∈ I, we have h ∈ Q
+1
:
S P = a 1 IS P , which is impossible. Hence p P , whence ht S p ≥ 2. We look at the exact sequences
Apply functors H i m (−) to (**) and we have depth(IS) p ≥ 2, because S p is a Gorenstein local ring of dim S p ≥ 2 and depth(S/IS) p ≥ 1, since p P and IS is a P -primary ideal. Now apply functors H I m (−) to (*) and we have depth(S/a 1 IS) p ≥ 1, when p / ∈ Ass S (S/a 1 IS). This is impossible, because p ∈ Ass S (S/a 1 IS) by our assumption. Thus I 2 S = a 1 IS. Suppose that IS a 1 S : S IS. Then there exists a prime ideal q ∈ Ass S (S/IS) such that IS q a 1 S q : S q IS q . Since Ass S (S/IS) = {p}, we have q = p. This is a contradiction to our assumption. Hence IS = a 1 S : S IS.
( 
, we write
where 
